Abstract. In this paper, we consider the diophantine equation X t C Y t D BZ t where X , Y , Z are nonzero coprime integers. We prove that this equation has no nontrivial solution with the exponent t dividing Z under certain conditions on t and B.
Introduction
Let t > 3 be a prime number, B be a nonzero rational integer. Consider the equation
where X; Y; Z are coprime nonzero rational integers.
Definition 1.
Let t > 3 be a prime number. We say that t is a good prime number if and only if its index irregularity Ã.t/ is equal to zero, or t − h C t and none of the Bernoulli numbers B 2nt , n D 1; : : : ; t 3 2 , is divisible by t 3 .
For a prime number t with t < 12:10 6 , it has been recently proved that none of the Bernoulli numbers B 2nt , n D 1; : : : ; t 3 2 , is divisible by t 3 (see [2] ). Furthermore, h C t is prime to t for t < 7:10 6 . In particular, every prime number t < 7:10 6 is a good prime number.
Recently the diophantine equation (1) has been studied by Preda Mihȃilescu in [3] . In his paper, he requires that B is such that B > 1, .t; .Rad.B/// D 1, and the pairwise relatively prime nonzero integers X , Y , Z satisfy the condition t 3 jBZ where t is a prime number such that t − h C t and none of the Bernoulli numbers B 2nt , n D 1; : : : ; t 3 2 , is divisible by t 3 . Particularly, if B is prime to t , he requires that t 3 jZ. Unfortunately, the proof of a very fundamental fact in his proof is wrong (see Section 4 of this paper), so that Theorem 1 of [3] has not been yet proved.
As usual, we denote by the Euler function. For the following, we fix t > 3 a good prime number, and a rational integer B prime to t , such that for every prime number l dividing B, we have 1 mod t is a member of hl mod t i, the subgroup of F t generated by l mod t . For example, it is the case if for every prime number l dividing B, l mod t is not a square.
In this paper, using very similar methods to those used in [3] , we prove the following theorem (with a stronger condition on B, but a much weaker condition on Z than that used by Mihȃilescu). In particular, using a recent result of Bennett et al., we deduce the following corollary.
Corollary 3.
Suppose that B t 1 ¤ 2 t 1 mod t 2 and B has a divisor r such that r t 1 ¤ 1 mod t 2 . Then equation (1) has no solution in pairwise relatively prime nonzero integers X; Y; Z.
Proof of the Theorem
First, we suppose that Ã.t/ D 0. Let us prove the following lemma.
Lemma 4.
Let be a primitive t -th root of unity and D .1 /.1 /. Suppose there exist algebraic integers x; y; z in the ring ZOE C , an integer m t , and a unit Á in ZOE C such that x, y, z and are pairwise coprime and satisfy
Then z is not a unit of ZOE C . Moreover, there exist algebraic integers x 0 ; y 0 ; z 0 in ZOE C , an integer m 0 t , and a unit Á 0 in ZOE C such that x 0 , y 0 , z 0 , and Á 0 satisfy the same properties. The algebraic number z 0 divides z in ZOE . The number of prime ideals of ZOE counted with multiplicity and dividing z 0 is strictly less than that dividing z.
Proof. Equation (2) becomes
By hypothesis, for every prime number l dividing B, we have 1 mod t 2 hl mod t i. In particular B is prime to
xCy . In fact, suppose there exists a prime factor of B in ZOE such that j x t Cy t xCy . Then there exist a 2 ¹1; : : : ; t 1º such that j .x C a y/. Let l be the rational prime number under . Since 1 mod t is an element of the subgroup of F t generated by l mod t , we deduce that the decomposition group of contains the complex conjugation j 2 Gal.Q. /=Q/ that is j D . In particular, j .x C a y/ implies that j .x C a y/ since x, y are real. So j . a a /y. Since is a prime ideal, we deduce that j y or j . a a /. But x and y are coprime so y is prime to . where a and b are coprime elements of ZOE C . Then B j .x C y/ in ZOE . Therefore we get
Following the same method 1 as in Section 9:1 of [4] , one can show that there exist real units Á 0 ; Á 1 ; : : : ; Á t 1 2 ZOE C and algebraic integers 0 2 ZOE C , 1 ; : : : ; t 1 2 ZOE such that
Let us show that z is not a unit. As 1 divides z in ZOE , it is thus enough to show that 1 is not one. Put˛D xC y 1
. One has
So˛Á 1 mod .1 / 2 . Suppose that 1 is a unit. Then, the quotient D l . Therefore, we havę
because x and y are real numbers. From this equation, we deduce that
We get a contradiction. So the algebraic integer 1 (and then z) is not a unit. This completes the proof of the first part of the lemma. Let us prove the existence of x 0 , y 0 , z 0 , Á 0 ; and m 0 . It is just an adaptation of the computations done in Paragraph 9:1 of Chapter 9 of [4] for the second case of the Fermat equation. Here we give the main ideas. Let a 2 ¹1; : : : ; t 1º be a fixed integer. We take a D .1 a /.1 a /. By (3), there exist a real unit Á a and a 2 ZOE such that
and taking the conjugates (we know that x; y 2 R), we have
Multiplying the previous equalities, we obtain
Taking the square of
The difference between equations (5), (4) and then division by a gives xy D Á 
As t > 3, there exists an integer b 2 ¹1; : : : ; t 1º such that b ¤˙a mod t . For this integer b, we get
Note on the Diophantine Equation
The difference between equations (6) and (7) gives, after simplifying, such that
The condition Ã.t/ D 0 implies that
is a t -th power in ZOE C . Thus there exists 2 ZOE C such that
In fact, we know that
Á y mod t and
/ t mod t . But Lemma 1:8 in [4] shows that there exists an integer l such that
with .
b a / t congruent to l modulo t . By Theorem 5:36 of [4] , the unit
is a t -th power in ZOE so we have the existence of 1 2 ZOE such that
Therefore, there exists an integer g such that 1 D g 1 . Taking D gh 1 where h is the inverse of 2 mod t , we have
i.e.,
One can verify that x 0t C y 0t D Á 0 B 2 m 0 z 0t : Obviously, B 2 is prime to t and for all prime l dividing B 2 , we have 1 mod t 2 hl mod t i, the subgroup of F t generated by l mod t . Moreover, we have already seen that the algebraic integer 1 is not a unit in ZOE . As 0 1 divides z in ZOE , the number of prime ideals counted with multiplicity and dividing z 0 in ZOE is then strictly less than that dividing z and m 0 D 2m t 2t t D t. This completes the proof of the lemma. Now let .X; Y; Z/ be a solution of (1) in pairwise relatively prime nonzero integers with t jZ. Let Z D t v Z 1 with t − Z 1 . Equation (1) becomes
Let be a primitive t -th root of unity and D .1 /.1 /. The previous equation becomes
The quotient Á D We have just proved that there exist Á 2 ZOE C and an integer m t such that
where X , Y , and Z 1 are pairwise coprime. We can apply Lemma 4 to equation (9). By induction, one can prove the existence of the sequence of algebraic Z i such that Z iC1 jZ i in ZOE and the number of prime factors in ZOE is strictly decreasing. So there exists an n such that Z n is a unit. But Lemma 4 indicates that each of the Z i is not a unit, a contradiction which proves the theorem in the case Ã.t/ D 0.
In the other case, .t; h C t / D 1 and none of the Bernoulli numbers B 2nt , n D 1; : : : ; t 3 2 is divisible by t 3 . In particular, with the notation of the proof of the lemma, there exists 2 ZOE C such that [4] , pp. 174-176). So the results of the previous lemma are valid in the second case. We conclude as before. The theorem is proved.
Proof of the Corollary
Let X; Y; Z be a solution in pairwise relatively prime nonzero integers of equation (1) . By the theorem, the integer Z is prime to t . Furthermore, B .B/ is coprime to t , B t 1 ¤ 2 t 1 mod t 2 and B has a divisor r such that r t 1 ¤ 1 mod t 2 . So by the theorem 4:1 of [1] , equation (1) has no solution for such t and B.
Some Remarks on Mihȃilescu's Paper
For the reader's convenience, recall "Fact 3:" His method to prove this fact is the following: he supposes that we can find a prime ideal ofˇsuch that j a for some a 2 ¹1; : : : ; t 1º. By hypothesis, none of the prime ideals ofˇare totally split in the extension Q. /=Q. So there exist 2 Gal.Q. /=Q/ such that . / D . In particular . / D j . a /. So we have j a and j . a /.
Then Mihȃilescu claims we have a contradiction since . a ; b / for all a ¤ b. But this last argument does not follow. Indeed,
. a / and this last number is not of the form b for some b 2 ¹1; : : : ; t 1º. Indeed, and $ are just elements of QOE C .
